We explore the connections between Dickson's lemma and weak Ramsey theory. We show that a weak version of the Paris-Harrington principle for pairs in c colors and miniaturized Dickson's lemma for c-tuples are equivalent over RCA * 0 . Furthermore, we look at a cascade of consequences for several variants of weak Ramsey's theorem.
Introduction
Dickson's lemma, originally used in algebra, in particular for showing Hilbert's basis theorem [6] , is nowadays commonly used in termination proofs in computer science [3] . The weak Paris-Harrington principle for pairs was originally used as an easy intermediate version in showing lower bounds for the Paris-Harrington principle for pairs [2] . We provide simple constructions which show that the weak Paris-Harrington principle and miniaturized Dickson's lemma are equivalent over RCA * 0 , the base theory weaker than RCA 0 . Additionally our construction provides an explicit formula for weak Ramsey numbers and tight upper bounds for the weak Paris-Harrington principle derived from those for Dickson's lemma.
N denotes the set of nonnegative integers. We define some notations for colorings. For a, R, c ∈ N, [a, R] and [a, R] 2 denote the sets { n ∈ N : a ≤ n ≤ R } and { (n, m) ∈ N 2 : a ≤ n < m ≤ R } respectively, and c is identified with the set [0, c − 1] = { n ∈ N : n < c }. Given a map C : [a, R] 2 → c (called coloring), we say that a set H ⊆ [a, R] is C-homogeneous if C is constant on [H] 2 = { (n, m) ∈ H 2 : n < m }. Similarly, we say that a set H = { h 0 < h 1 < · · · } ⊆ [a, R] is C-weakly homogeneous if C(h i , h i+1 ) = C(h i+1 , h i+2 ) holds for all h i , h i+1 , h i+2 ∈ H. Weakly homogeneous sets are sometimes called adjacent homogeneous or path homogeneous. However, this method, from the previous literature, gives us the weak implication
c , while our work shows the level-by-level equivalence between ∀ f WPH f c and DL c (which is also equivalent to WO(ω c )) in Corollary 23. Our method, additionally, gives a similar sharpening of complexity bounds, stated in Corollaries 10, 11, and the explicit expression in Theorem 13 for the weak Ramsey numbers.
Finally, we look at the consequences, for the bounds of weak Ramsey numbers in higher dimensions (Section 5), and the phase transitions which follow from these bounds (Section 7).
For examinations of weak Ramsey's theorem and its relation to termination we refer the reader to [16] .
2 Base theory RCA * 0
Most of the results in this paper can be established within RCA * 0 . Definition 3 (RCA * 0 ). RCA * 0 is the subsystem of second order arithmetic, whose language additionaly contains binary function symbol exp, consists of the following axioms: 4. comprehension scheme for all ∆ 0 1 formulas which may contain exp.
exp(m, n) will be just denoted m n . 
Proof. This proof is almost same as [15, Lemma 2.2] .
Fix any m. First, define the function j(n) by the following primitive recursion:
One can define the graph of j by
is coded by some natural number less than b( j(n), m) n . Then we can define h in the same way by
The uniqueness of h is also proven by ∆ 0 1 -comprehension and Σ 0 0 -induction. Lemma 4 implies the following well-known result. 
Constructions
We provide the notions of bad colorings/sequences. They are counterexamples to WPH 
The same holds for bad colorings C : [a, ∞] 2 → c and infinite (a, f )-bad sequences.
Proof of (i).
Let C : [a, R] 2 → c be a given f -bad coloring. The idea of construction is to construct a sequence of c-tuples with the following properties:
2. All the coordinates of the m's are the maximum possible such that 1 holds and
We apply Lemma 4 to define h : N 2 → N using bounded course of value primitive recursion:
,
. . .
is a C-weakly homogeneous set of size l + 1. Since C is f -bad we have l
Then the sequence m 0 , . . . , m R−a is (a, f )-bad by the properties of h above. This completes the proof of (i).
Proof of (ii).
Since these values are all nonnegative, maximum possible size of H is
Complexities
We define functions R Corollary 11. For ordinal γ, let F γ be the γ-th fast growing function defined in [12] , and define F γ to be the smallest class which contains constants, sum, projections, and F γ , and is closed under the operations of composition and bounded primitive recursion. Then the following hold
. For every ordinal γ and c ≥ 1, R
We can also apply Corollary 10 to determine the weak Ramsey numbers.
Definition 12 ((weak) Ramsey numbers). Define
r c (a) = the smallest R such that for every C :
there exists a C-homogeneous set H with |H| = a + 1,
there exists a C-weakly homogeneous set H with |H| = a + 1.
Clearly wr c (a) ≤ r c (a). These are the smallest witnesses for finite Ramsey's theorem for pairs and weak finite Ramsey's theorem for pairs respectively. 
Weak Ramsey numbers for higher dimensions
In this section we extend the notions for colorings. To higher dimensions, for d ∈ N, the set of
Let wr d c (m) be the smallest R such that for every coloring C : [0, R] d → c there exists a C-weakly homogeneous set of size m + 1. So wr 2 c (m) = m c . In this section we will give bounds for wr d c (m) for higher dimensions, which involve towers of exponentiation of height (d − 2). Roughly speaking, an increase in the dimension by one results in an extra application of the exponential in the bounds. All the arguments and results in this section are made in RCA * 0 . We start with the upper bounds:
Proof. This is true for c = 0, 1. We assume wr d c (m) ≤ M for c ≥ 2 and fix any coloring 
where σ is the leftmost longest branch of T i such that σˆ i is C-min d -homogeneous.
Set T = T R+1 . We will find an upper bound for |T | = R + 2. By construction every σ ∈ T R+1 is C-min d -homogeneous, so lh(σ) ≤ M + 1. Thus the depth of T is at most M + 1.
Suppose that σˆ i , σˆ j ∈ T for i < j ≤ R. Then σ ∈ T j is longest such that σˆ j is C-min d -homogeneous and σˆ i, j can not be C-min d -homogeneous. Hence there exist
. This means that the number of direct descendants of σ ∈ T of length n is bounded by the number of mappings from (the set of d − 1 elements from n − 1) to c colors. This number is below c (M−1) d−1 .
Therefore using 2 ≤ c ≤ M, one can compute that |T | ≤ 2 M d+1 , hence the desired contradiction R < 2 M d+1 . This completes the proof.
With small computation, this lemma is enough to show the following: Proof. This proof is a modified simplification of the construction, in Friedman's draft [4] , for the d-bad coloring to (d + 1)-bad coloring.
Let C be given. Given x < y, put α(x, y) to be the largest position, counting from right, where the base 2 representation of x, y differ; if they differ only at rightmost 
respectively. Then, we observe that if H = { h 0 < · · · < h l } of size larger than d + 1 is weakly homogeneous for both g 0 and g 1 , then either
or
holds. To see this, consider three cases
The first alternative can not happen since h 0 < h 1 < h 2 . In the second case, by the h 0 -homogeneity of H we have (1) . Similarly the third case implies (2). We will counstruct D using g 0 and g 1 to make sure that every D-weakly homogeneous set has the property (1) or (2). Define C : [0, 2 R − 1] d+1 → c to be h 2 ) , . . . } is C-weakly homogeneous and has size l. 
Phase Transition
In this section, we use WPH d, f to state that "for all c and a there exists R such that for every C :
By Corollary 11, we know that RCA 0 does not prove WPH 2,id . For higher dimension, it is shown in [5] 
Conversely, by Theorem 15 we know that for each standard d RCA * 0 proves ∀mWPH d, x →m . In this section we classify some functions f , between (ordered by eventual domination) the identity and constants, according to the provability of WPH d, f . This classification fits in the general phase transitions program which was started by Andreas Weiermann. Our results imply that, unlike for the Paris-Harrington principle [17] , the phase transition for WPH 2 follows those for Dickson's lemma (exercise for the reader), Kanamori-McAloon for pairs [1] , and Higman's lemma for 2-letter alphabet [7] . The higher dimensional cases follow the transitions for Kanamori-MacAloon.
Theorem 24. Let d ≥ 2 be standard.
. For all n standard, RCA *
Here RCA * Proof for 2. Let d, n be given. We show in RCA * 0 that WPH d, f n → WPH d,id . By [5] this implies that RCA * We also define auxiliary colorings g 0 (x 0 , . . . , x d−1 ) and g 1 (x 0 , . . . , x d−1 ) to be the parities of the largest i, j ≤ d − 1 such that f n (x 0 ) = f n (x 1 ) = · · · = f n (x i ) and f n (x 0 ) < f n (x 1 ) < · · · < f n (x j ) respectively.
Combine g 0 and g 1 with C into a single coloring D : [a, R] d → c to ensure that every D-weakly homogeneous set H = { h 0 < h 1 < · · · < h l−1 } has the property either f n (x 0 ) = f n (x 1 ) = · · · = f n (x l−1 ) or f n (x 0 ) < f n (x 1 ) < · · · < f n (x l−1 ).
It is clear that D is f n -bad.
We give a sharpening of the result above. Given a countable ordinal α, let F α be the α-th fast growing function and put
where F −1 α is formalized using a ∆ 0 1 formula as in [9] . (For convenience, define 0 √ x = x.) Notice that for α ≥ 3, f α (x) eventually lies strictly between log (d−1) (x) and n log (d−2) (x). 
